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1 Formula

Curran (1994) describes two methods to approximate the value of an arithmetic average rate call option. We use a
similar approach1 to give the lower bound of the value of a forward starting arithmetic average rate option as
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 (for i > 1).

φ Option Type

-1 Put
1 Call

The value of an in-progress arithmetic average rate option where the underlying has already been observed at times
ti (1 ≤ i ≤ m) can be represented as a scaled forward starting arithmetic average rate option with adjusted ‘active’
averaging objects and strike, i.e.
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,
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When X̃ ≤ 0, the value of an in-progress arithmetic average rate call option is

e−rTT

[
n∑

i=m+1

wiE (Si) +AH −X

]
,

and the value of an in-progress arithmetic average rate put option is 0.

1The naive method as described in Curran (1994)
2Any root finding method is acceptable
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2 Properties of Instrument

The payoff for an arithmetic average rate call option at expiry is given by

CT = (AT −X)
+
, (1)

where the weighted arithmetic mean of the underlying at n pre-defined observation times ti is given by

AT =

n∑
i=1

wiSti , (2)

where (wi, Sti) is the (weight, underlying) pair at ti.

Similarly, the payoff for an arithmetic average rate put option at expiry is given by

PT = (X −AT )
+
. (3)

3 Numerical Analysis

Given the Curran naive method provides a lower bound on the price, we perform 100 million paths Monte Carlo
simulation to analyse the accuracy of the method. Rather than just analyse the Curran naive method, we also analyse
the Curran sophisticated method 3, which is also available in our Risk Engine.

We use 100 million paths simulation as we want to have both Curran methods give prices less than the Monte
Carlo simulation method. Unfortunately, as we will see later on, there are a few cases where this objective is not
achieved.

Given c2 has an analytical solution, we could possibly reduce the standard error of our Monte Carlo simulation
by simulating the value of c1 with importance sampling and add the analytical solution of c2 to get the price of the
average rate options. However, we chose not to use this method as we do not want to possibly introduce an error in
the analysis if the importance sampling is not implemented properly.

We only consider the forward starting call options. In progress options can be transformed into forward starting
option as described in Section 1. While put options can be valued using the put-call parity.

3.1 Numerical Results

Firstly, we look at the effect of time till maturity. We construct forward starting average rate call options with

• the spot price of $100,

• the strike price of $90,

• the zero rate as 5%,

• the dividend yield as 3%, and

• the volatility as 30%.

The time till maturity of the options varies from 1 month to 10 years, with increment of 1 month.

Figure 1 shows that the error increases as time till maturity increases, with the error of the sophisticated method
increases at a slower rate. We note that the error is still acceptable for both methods.

Next, we look at the effect of strike price. We construct three sets of forward starting average rate call options
with

• the spot price of $100,

• the zero rate as 5%,

• the dividend yield as 3%, and

• the volatility as 30%.

3Curran (1994) estimated c1 by imposing a mesh on the geometric mean and performed numerical integration on it. He called this
method as ’sophisticated’.
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Figure 1: Forward starting ARO with S = 100, X = 90, r = 0.05, q = 0.03 and σ = 0.30

The time till maturity for the three sets of options are 1 year, 5 years and 10 years respectively. The strike price
of the options varies from 50 to 150, with increment of 1.

Figure 2, Figure 3 and Figure 4 show that there is a trend that error increases as the strike price increases. Also,
the sophisticated method performs significantly better than the naive method, though with a relative error of less than
0.4% for most cases, the naive method is still acceptable. It is interesting to note that for T = 1, the Monte Carlo
method gives prices marginally less than both Curran methods when the option is far in the money. We can avoid
this problem by increasing the number of paths in our simluation, though we believe it is unncessary given the small
relative error that we observed for these scenarios.

Finally, we look at the effect of volatility. We construct three sets of forward starting average rate call options with

• the spot price of $100,

• the strike price of $90,

• the zero rate as 5%, and

• the dividend yield as 3%.

The time till maturity for the three sets of options are 1 year, 5 years and 10 years respectively. The volatility of
the options varies from 1% to 100%, with increment of 1%.

Figure 5, Figure 6 and Figure 7 show that error increases as the volatility increases. Also, the sophisticated method
performs significantly better than the naive method, especially for the cases of high volatility. In the cases of high
volatility, the sophisticated method gives a very low relatively error at the cost of more computation. It is interesting
to note that in the cases of T = 10 and volatility greater than 80%, the sophisticated method gives a higher price
than the Monte Carlo method. Despite the naive method struggles in the cases of high volatility, its performance is
acceptable for normal market condition.

Based on the analysis, we conclude that the lower bound price given by Curran naive method is very close to
the true option price in normal market condition; while the lower bound price given by Curran sophisticated method
performs better, especially in unusual market condition.
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Figure 2: Forward starting ARO with S = 100, r = 0.05, q = 0.03, σ = 0.30 and T = 1
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Figure 3: Forward starting ARO with S = 100, r = 0.05, q = 0.03, σ = 0.30 and T = 5
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Figure 4: Forward starting ARO with S = 100, r = 0.05, q = 0.03, σ = 0.30 and T = 10
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Figure 5: Forward starting ARO with S = 100, X = 90, r = 0.05, q = 0.03 and T = 1
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Figure 6: Forward starting ARO with S = 100, X = 90, r = 0.05, q = 0.03 and T = 5
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Figure 7: Forward starting ARO with S = 100, X = 90, r = 0.05, q = 0.03 and T = 10
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